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We analyze a few illustrative examples of scenarios in which relativistic symmetries are deformed
by Planck-scale effects in particle-type-dependent manner. The novel mathematical structures re-
quired by such scenarios are the mixing coproducts, which govern the (deformed) law of conservation
of energy and momentum when particles with different relativistic properties interact. We also com-
ment on the relevance of these findings for recent proposals concerning the possibility that neutrinos
might have relativistic properties which are different from those of photons and/or the possibility
that composite particles might have relativistic properties which are different from those of funda-
mental ones.
I. INTRODUCTION
Over the last decade there have been several studies investigating the fate of relativistic symmetries at the Planck
scale (see, e.g., Refs.[1–3]). Particular interest has been devoted to scenarios such that the (inverse of the) Planck
scale would set the minimum allowed value for wavelengths, and notably it has emerged that such a feature could be
implemented within a fully relativistic picture [4, 5]. This is the realm of the so-called doubly-special (or deformed-
special) relativistic (DSR) theories [4, 6–8] where the Planck scale plays the role of a second relativistic invariant,
in addition to the speed-of-light scale. Evidently these DSR scenarios require the adoption of deformed Poincare´
transformations connecting inertial frames [6], and the associated new invariant laws may include indeed an oberver-
independent minimum-wavelength law and/or an observer-independent modification of the dispersion/on-shellness
relation (MDR). Another major implication of the DSR deformations of Poincare´ transformations is that the laws
of composition of momenta are no longer linear: in order to preserve their relativistic covariance they must be
deformed matching the deformation of the Poincare´ transformations. The mathematical formalism of Hopf algebras
has been found to be a natural possibility1 for formalizing DSR-relativistic scenarios [11], since Hopf algebras can be
deformations of standard Lie algebras in the form of non-linear deformations of both commutation relations among
symmetry generators and the so-called coproducts (on which the laws of composition of momenta are based; see later).
So far all of these studies (with the only exception of the exploratory analysis in Ref.[12]) focused on universal
deformations of the special-relativistic symmetries, i.e. deformations that affect identically all particle types. Here
we explore the possibility that the description of Planck-scale physics might require an additional level of complexity,
namely different particles’ kinematics might be dictated by different relativistic symmetries, i.e. we wonder whether,
within the DSR framework, it is possible to consistently formulate relativistic theories that attribute different laws
of kinematics to different particles, non-universal deformations of relativistic symmetries. For the case of broken
relativistic symmetries (preferred-frame scenarios) particle-dependent effects where first considered by Coleman and
Glashow in Ref.[13] and there were several developments of that research direction (see, e.g., Ref.[14]), but the
possibility of particle-dependent properties within a relativistic picture has been so far only explored preliminarily
by one of us in Ref.[12], providing most results only at leading order in the deformation scale. We shall here report
results valid to all orders in the deformation scale and consider a rather wide class of possible properties attributed to
different types of particles. We also intend to show that these scenarios can be built using rather mild modifications
of standard Hopf-algebra techniques. As we shall discuss extensively in the following sections, the key building block
for our scenarios is a novel mathematical tool which we call mixing coproduct, a generalization of the standard Hopf-
algebra notion of coproduct.
We shall here mostly postpone the analysis of the phenomenological implications of our non-universal deformations
of relativistic symmetries, but the careful reader will notice how that ultimate objective guides our technical efforts.
In particular, while non-universal deformations of relativistic symmetries do not necessarily require modifications of
the on-shell relation, in all of our case studies there is at least one type of particle governed by modified on-shellness.
1 Note however that examples of DSR-relativistic scenarios not involving Hopf algebras have been provided in Refs.[9, 10].
2Indeed, one of the main reasons of interest in DSR-relativistic theories has been their rich phenomenology when they
involve modified on-shellness, a rare case of Planck-scale effect testable with presently-available technologies [15–18].
Of particular interest for the analysis we here report is that fact that some recent tests of modifications of on-shellness
for neutrinos have led to preliminarily encouraging results [17, 19–21], for values of the symmetry-deformation scale
of about a tenth of the Planck scale, whereas for photons other analyses have led to apparently robust bounds on the
symmetry-deformation scale going all the way up to the order of the Planck scale. In spite of the very preliminary
nature of the mentioned neutrino studies, one cannot avoid to wonder what would have to be the relativistic picture if
it was actually true that modifications of relativistic symmetries are stronger for neutrinos than for photons, leading
us indeed to speculate about non-universality of the deformation scheme [22, 23].
In addition to the present preliminary assessment of data on dispersion for photons and neutrinos further motivation
for non-universality is found upon contemplating macroscopic bodies (like soccerballs and planets) in a DSR picture:
it is easy to see [24] that a phenomenologically viable DSR picture should ensure that the deformation of relativistic
properties fades away for macroscopic bodies, and there are known relativistic mechanisms to enforce this property
(see, e.g., [24] and references therein); however it is still unclear what should be the DSR-relativistic kinematics
applicable to processes involving a fundamental particle and a more macroscopic systems. Assuming that indeed the
DSR-deformation of relativistic properties is, for example, stronger for the electron than for the bucky ball, what are
the conservation laws that one should apply for collisions between an electron and a bucky ball?
Our paper is organized as follows. In Section II we briefly review a well-known example of universal deformation of
the Poincare´ symmetries, based on the κ-Poincare´ Hopf algebra. In Section III we start showing how it is possible to
generalize such a setup in order to allow for models where different particles obey different symmetry laws. The first
case we consider is that of having two (or more) deformed Poincare´ algebras with different deformation scales, e.g. ℓ
and ℓ′. This gives us the possibility to introduce the notion of mixing coproduct for the formalization of the kinematics
of such non-universal deformed-symmetry models. In Section IV we show that a scenario previously advocated by
Magueijo and Smolin [2] can be equivalently reformulated in terms of a specific mixing coproduct. In Section V we add
a further element of complexity and explore the possibility to define a mixing coproduct between different algebras,
focusing on the case of mixing coproducts involving the κ-Poincare´ algebra and the standard Poincare´ Lie algebra. In
our closing Section VI we offer a perspective on our results and some observations on possible future developments.
II. UNIVERSAL COPRODUCT: κ-POINCARE´ CASE OF STUDY
In preparation for discussing DSR scenarios with nonuniversal relativistic properties, we find useful to briefly review
the most studied DSR scenarios with universal relativistic properties, which is based on mathematical structures found
in the κ- Poincare´ Hopf algebra (specifically the so-called bi-cross-product basis of the κ- Poincare´ Hopf algebra). When
written in the bi-cross-product basis, the κ- Poincare´ commutators are
[Pµ, Pν ] = 0, [Ri, P0] = 0, [Ri, Pj ] = iǫijkPk,
[Ri, Rj ] = iǫijkRk, [Ri, Nj] = −iǫijkNk,
[Ni, P0] = iPi [Ni, Nj] = −iǫijkRk,
[Ni, Pj ] = iδij
(
1− e−2ℓP0
2ℓ
+
ℓ
2
~P 2
)
− iℓPiPj ,
(1)
and, as a consequence, the mass Casimir gets deformed into(
2
ℓ
sinh
(
P0
2ℓ
))2
− eℓP0PiP
i. (2)
The modification of the commutators between boosts and translation generators also requires a deformation of the
laws of composition of momenta. Indeed, one can easily check that under the action of Ni, give in terms of the
commutators (1), one would have that
[N i[p,k], pµ + kµ] = [N
i
p +N
i
k, pµ + kµ] 6= 0, (3)
even if pµ + kµ = 0. This means that the usual conservation laws would not be covariant. As one can check by using
the relations in Eqs. (1), the correct modification (in order to achieve covariance) is
pµ ⊕ℓ kµ =
{
p0 + k0
pi + e
−ℓp0ki
, (4)
3for momenta, while for the boosts one has
N ip ⊕N
i
k = N
i
p + e
−ℓp0N ik + ℓǫijnp
jRnk . (5)
These modifications are such that now the condition of covariance of the composition law is obeyed
[N ip ⊕N
i
k, pµ ⊕ kµ] = 0, (6)
as the reader can easily verify.
In the formalism of Hopf algebras these observations can be formalized by saying that the co-algebra, i.e. the set
of relations that define the action of the generators on the product of fields, is non-primitive and, in particular, is
modified as follows
∆Pi = Pi ⊗ 1 + e
−ℓP0 ⊗ Pi , ∆Ni = Ni ⊗ 1 + e
−ℓP0 ⊗Ni + ℓǫijkPj ⊗Rk (7)
The coproducts of Ri and P0 have not been written down explicitly because they remain primitive, i.e. they are
dictated by the Leibniz rule.
To sum up, we have seen that there are two key ingredients needed by a deformed relativistic picture, i.e. the deformed
algebra closed by the generators of non-linearly deformed symmetry transformations has to be compatible with both
the form of the mass Casimir (or, equally, the associated on-shell relation) and the conservation laws for the associated
charges. We stress that for compatibility we mean that the boost generator must leave invariant the on-shell relation
and must transform covariantly the composition law for momenta.
III. MIXING COPRODUCT: κ-POINCARE´ CASE OF STUDY
We are now ready to contemplate a further generalization of the notion of relativistic-symmetry deformation by
allowing for non-universal scenarios. In this Section we introduce the notion ofmixing coproduct and provide a suitable
formalization of it. As already mentioned, this would allow us to formulate a relativistic model where different particles
(i.e. particles with different quantum numbers) do not follow the same relativistic laws. In particular, within the
formalism of Hopf algebras, we can infer how to compose particles’ four momenta from the coalgebraic sector. Thus,
the mixing coproduct would be a mathematical object that gives us “mixed” composition laws where the momenta
we compose represent the charges associated to translation generators belonging to different algebras (for instance a
Lie algebra and a Hopf algebra, or two different Hopf algebras) or, in some cases, to different “bases” of the same
Hopf algebra. We shall explain in this section what we mean exactly by these different cases.
Let us start by considering three Hopf algebras H , H ′ and H ′′ and two maps φ and φ′ defined as
φ : H → H ′′, φ′ : H ′ → H ′′ (8)
with inverse given by φ−1 and φ′−1 respectively. Then, it is possible to define a mixing coproduct [12] by composing
these two maps as follows
H ′′
∆′′
−−→ H ′′ ⊗H ′′
φ−1⊗φ′−1
−−−−−−→ H ⊗H ′. (9)
Thanks to the mixing coproduct φ−1⊗φ′−1, we are here composing the momenta of two particles, whose symmetries
are dictated by H and H ′ respectively, and the resulting particle with momentum given by the sum follows again a
distinct symmetry group, i.e. H ′′. (i.e. it is the corresponding charge of the generator of translations in H ′′). It is
not difficult to realize that, introducing analogous maps, it would be possible to have also mixing coproducts with
target space either H ⊗H ′′ or H ′ ⊗H ′′.
In order to gather some confidence with this novel object and the related formalism, we shall discuss a couple of
relevant examples.
As first example we consider the case in which H,H ′, H ′′ are three κ-Poincare´ algebras κP , κ′P and κ′′P which differ
for the magnitude of the deformation parameter, ℓ, ℓ′, and ℓ′′ respectively. By means of the maps φ and φ′, which in
this case are simply morphisms, we can define two different ways to compose momenta in a mixed way
⊕lℓ′ :M ⊕M
′ →M ′′,
⊕ℓ′l :M
′ ⊕M →M ′′,
4where here M , M ′ and M ′′ stand for the three momentum spaces. This can be done by writing down explicitly the
actions of the morphisms φ and φ′ over the algebras κP and κ′P respectively.
It is known that a given Hopf algebra can be written, as far as explicit formulas are concerned, in some rather different
ways, depending on the conventions adopted [8]. In fact, for Hopf algebras one must allow both linear and non-linear
maps between the generators, mapping one “basis” into another [8].
If we express the three Hopf Algebras all in the bicrossproduct basis, then the simplest way to define the morphisms
φ and φ′ is given by the following expressions
φ(Pµ) =
ℓ′′
ℓ
P ′′µ , φ
′(P ′µ) =
ℓ′′
ℓ′
P ′′µ ,
φ(Ri) = R
′′
i , φ
′(R′i) = R
′′
i ,
φ(Ni) = N
′′
i , φ
′(N ′i) = N
′′
i .
(10)
Here G ∈ κP , G′ ∈ κ′P , and G′′ ∈ κ′′P are used to denote the symmetry generators (in the bicrossproduct basis)
of the three κ-Poincare´ algebras characterized by different deformation parameters ℓ, ℓ′, and ℓ′′. In particular, it is
possible to prove that these maps define isomorphisms between the Hopf algebras. For the sake of brevity, let us focus
only on the morphism φ. The reader can straightforwardly verify that
φ([Pµ, Pν ]) = 0 = [φ(Pµ), φ(Pν )],
φ([Ri, Rj ]) = ǫijkR
′′
k = [φ(Ri), φ(Rj)],
φ([Ni, Nj ]) = −ǫijkR
′′
k = [φ(Ni), φ(Nj)],
φ([Ri, Nj ]) = ǫijkN
′′
k = [φ(Ri), φ(Nj)].
φ([Ri, P0]) = 0 = [φ(Ri), φ(P0)],
It is also rather simple to verify the following equalities
φ([Ri, Pj ]) = ǫijk
ℓ′′
ℓ
P ′′k =
ℓ′′
ℓ
[R′′i , P
′′
j ] = [φ(Ri), φ(Pj)],
φ([Ni, P0]) =
ℓ′′
ℓ
P ′′i =
ℓ′′
ℓ
[N ′′i , P
′′
0 ] = [φ(Ni), φ(P0)]
and finally
φ([Ni, Pj ]) = φ
[
δij
(1− e−2ℓP0
2ℓ
+
ℓ
2
|P¯ |2
)
− ℓPjPk
]
= δij
(1− e−2ℓ ℓ′′ℓ P ′′0
2ℓ
+
ℓ
2
ℓ′′2
ℓ2
|P¯ ′′|2
)
− ℓ
ℓ′′2
ℓ2
P ′′j P
′′
k
=
ℓ′′
ℓ
[
δij
(1− e−2ℓ′′P ′′0
2ℓ′′
+
ℓ′′
2
ℓP¯ ′′|2
)
− ℓ′′P ′′j P
′′
k
]
= [φ(Ni), φ(Pj)].
These observations establish the isomorphism at the level of the algebra sector (i.e. commutators). Then, we need to
look also at the coalgebra. For the coproducts we indeed find
φ⊗ φ(∆(P0)) =
ℓ′′
ℓ
P ′′0 ⊗ 1+ 1⊗
ℓ′′
ℓ
P0 = ∆
′′(φ(P0)),
φ⊗ φ(∆(Pi)) =
ℓ′′
ℓ
P ′′0 ⊗ 1+ e
−ℓ ℓ
′′
ℓ
P0 ⊗
ℓ′′
ℓ
P0 = ∆
′′(φ(Pi)),
φ⊗ φ(∆(Ri)) = R
′′
i ⊗ 1+ 1⊗R
′′
i = ∆
′′(φ(Ri))
and
φ⊗ φ(∆(Ni)) = N
′′
i ⊗ 1+ e
−ℓ ℓ
′′
ℓ
P0 ⊗N ′′i + ℓǫijk
ℓ′′
ℓ
P ′′j ⊗R
′′
k = ∆
′′(φ(Ni)).
The last check we need concerns the compatibility of the map with the antipodes (then the compatibility with the
5counits follows straightforwardly), and also in this case it is easy to verify that
φ(S(P0)) = −
ℓ′′
ℓ
P ′′0 = S
′′(φ(P0)),
φ(S(Pi)) = −e
−ℓ ℓ
′′
ℓ
P ′′
0
ℓ′′
ℓ
P ′′i = S
′′(φ(Pi)),
φ(S(Ri)) = −R
′′
i = S
′′(φ(Ri))
and finally
φ(S(Ni)) = −e
ℓ ℓ
′′
ℓ
P ′′
0 N ′′i + ℓǫijke
ℓ ℓ
′′
ℓ
P ′′
0
ℓ′′
ℓ
P ′′j R
′′
k = S
′′(φ(Ni)).
We therefore established that the morphisms φ and φ′ are actually isomorphisms connecting κP with κ′P and κ′P
with κ′′P . These isomorphisms also has an inverse map, which for example for φ is given by
φ−1(P ′′µ ) =
ℓ
ℓ′′
Pµ,
φ−1(R′′i ) = Ri,
φ−1(N ′′i ) = Ni.
Of course, the inverse also constitutes an isomorphism between Hopf algebras. Indeed inverting the isomorphism
simply amounts to exchange of roles between deformation scales, for example exchanging the roles of ℓ and ℓ′′.
Using the two morphisms φ and φ′ we can construct, as anticipated in (9), the mixing coproducts involving these
three κ-Poincare´ algebras as follows
p⊕′′ℓℓ′ q =
{
ℓ′′
ℓ p0 +
ℓ′′
ℓ′ q0
ℓ′′
ℓ pi +
ℓ′′
ℓ′ e
−ℓp0qi
,
q ⊕′′ℓ′ℓ p =
{
ℓ′′
ℓ′ q0 +
ℓ′′
ℓ p0
ℓ′′
ℓ′ qi +
ℓ′′
ℓ e
−ℓ′q0pi
.
(11)
These relations give us two possible composition laws between momenta that belong to different momentum spaces.
In fact, here p ∈M , q ∈M ′ while, by definition, p⊕′′lℓ′ q, q⊕
′′
ℓ′ℓ p ∈M
′′. Consequently, this simple framework provides
us a first example of a deformed relativistic theory where we are able to compose particles’ momenta that live on
different momentum spaces or, in other words, represent the charges associated to the symmetry transformations of
different Hopf algebras. These two sums of momenta (11) differ only for the order of the addenda.
It should be noticed that these laws are not well defined when one of the three deformation parameters vanishes,
i.e. we have to impose that ℓ 6= 0 , ℓ′ 6= 0 , ℓ′′ 6= 0. This means that the above introduced morphisms cannot be
used to compose a particle with symmetries described by the κ-Poincare´ group with another whose momenta follow
the standard Poincare´ symmetries. As we shall see later, within our framework, this can be done with another class
of maps. However, let us point out that this is consistent with the fact that we have proven they are isomorphisms
between Hopf algebras and, therefore, they could not relate the Poincare´ Lie algebra with a Hopf algebra since there
is no isomorphism connecting them. Finally, let us notice that, according to (11), given two momenta p and q of two
particles in κP and in κ′P respectively, then the system of equations represented by the condition p⊕ q = 0 (i.e. the
condition of the conservation of momenta) does not depend on the specific choice of the target momentum space M ′′
nor on the order of addenda.
A second interesting example that allows us to study the properties as well as the meaning of mixing coproducts
has been first studied in Ref.[25]. In this case, one considers the map
ψ : κP → κP , (12)
which is explicitly given by the following formulas
P0 = ψ(K0) = K0,
Pi = ψ(Ki) = e
ℓ
2
K0Ki,
Ri = ψ(Mi) = Mi,
Ni = ψ(Bi) = e
ℓ
2
K0(Bi −
ℓ
2
ǫijkKjMk),
(13)
6where (Pµ, Ri, Nj) are the generators of the κ-Poincare´ algebra in the bicrossproduct basis while (Kµ,Mi, Bi) are the
generators of the κ-Poincare´ algebra in the so-called classical basis [26]. In the classical basis we have
[Bi,K0] = iKi , [Bi,Kj] = iδijK0 , [Bi, Bj ] = −iǫijkMk,
[Mi,K0] = 0 , [Mi,Kj] = iǫijkKk , [Mi,Mj] = iǫijkMk,
[Kµ,Kν ] = 0 , [Mi, Bj ] = iǫijkBk,
(14)
while the coproducts are rather complicated and lengthy, so we do not report them but they can be found in [27] or
in references therein.
Thanks to this map ψ and following steps similar to those we did above, one can write for instance the composition
law
p⊕BB−S k =
{
p0 + k0
pi + e
−ℓp0e
ℓ
2
k0ki
(15)
that mixes particles p and k obeying the same symmetry group but expressed in two different bases (bicrossproduct
the former and standard the latter), while giving back a momentum in the κ-Poincare´ bicrossproduct basis.
While in the first part of this section we ”mixed” Hopf algebras with different deformation parameter but described
in the same basis, here we are ”mixing” two copies of the same Hopf algebra (same deformation parameter) but
adopting two different bases. From a phenomenological point of view, one of the main points of interest resides in the
fact that in the bicrossproduct basis one has on-shellness of the type
4
ℓ2
sinh2
( ℓ
2
p0
)
= eℓp0pip
i (16)
whereas for the classical basis the on-shellness is undeformed
k20 = kik
i. (17)
IV. MIXING COPRODUCT FOR THE MAGUEIJO-SMOLIN DSR PICTURE
Before moving on to more ambitious implementations of the notion of mixing coproduct, we find appropriate to
offer a brief aside showing that the mixing-coproduct techniques introduced in the previous section can also shed
light on results previously obtained without abstracting the notion of mixing coproduct. Our main objective for this
small aside it to show that a composition law introduced by Magueijo and Smolin in Ref.[2] can be rephrased in the
language of mixing coproducts. The key ingredient is an operator
U [ℓ] ≡ exp(ℓP0D),
acting on the Poincare´ algebra, with
D ≡ P0
∂
∂P0
+ P1
∂
∂P1
.
Then, taking the generators transformed by this map
X [ℓ] ≡ U−1XU,
one can easily check that X [ℓ] still obey the Poincare´ commutation rules. Thus, we have again the Poincare´ algebra
but with a modified coalgebric sector and with generators of infinitesimal translations given by
Pi[ℓ] ≡ U [ℓ]Pi =
Pi
1 + ℓP0
,
and its inverse
Pi =
Pi[ℓ]
1− ℓP0[ℓ]
.
We also define the map u[ℓ]
X 7→ UX [ℓ]U−1,
7which for the generators Pi reads
Pi 7→
Pi[ℓ]
1− ℓP0[ℓ]
.
Following the formalism used in the previous section for the mixing coproduct, we construct the chain of maps
P
[ ℓ
2
] u−1[ ℓ
2
]
−−−−−→ P
∆
−→ P ⊗ P
u[ℓ]⊗u[ℓ]
−−−−−−→ P [ℓ]⊗ P [ℓ], (18)
which, when applied backwards, gives the momentum space the Magueijo-Smolin composition relation [2]
pi
1− ℓ2p0
=
qi
1− ℓq0
+
ki
1− ℓk0
,
i.e.,
pi =
qi + ki − ℓq0ki − ℓqik0
1− ℓ2 (q0 + k0)
. (19)
As a further aside it is amusing to notice that there is also another route for obtaining the Maueijo-Smolin compo-
sition law. We start doing that by noticing that we already have a map linking P
[
ℓ
2
]
to P [ℓ]:
P
[ ℓ
2
] u−1[ ℓ
2
]
−−−−−→ P
u[ℓ]
−−→ P [ℓ].
We call this map w
[
ℓ
2 , ℓ
]
w
[ ℓ
2
, ℓ
]
⊲ Pi
[ ℓ
2
]
=
Pi[ℓ]
1− ℓ2P0[ℓ]
. (20)
Now we need to prove that the chain in Eq. (18) is indeed the same chain given by
P
[ ℓ
2
] ∆[ ℓ
2
]
−−−−→ P
[ ℓ
2
]
⊗ P
[ ℓ
2
] w[ ℓ
2
,ℓ
]
⊗w
[
ℓ
2
,ℓ
]
−−−−−−−−−−→ P [ℓ]⊗ P [ℓ]. (21)
First we observe that the coproduct of Pi
[
ℓ
2
]
can be obtained using the relations
Pi
[ ℓ
2
]
=
Pi
1 + ℓ2P0
, Pi =
Pi[
ℓ
2 ]
1− ℓ2P0[
ℓ
2 ]
,
from which it follows that
∆
[ ℓ
2
]
Pi
[ ℓ
2
]
=
Pi ⊗ I+ I⊗ Pi
1 + ℓ2 (P0 ⊗ I+ I⊗ P0)
=
Pi
[
ℓ
2
]
1− ℓ
2
P0
[
ℓ
2
] ⊗ I+ I⊗ Pi[ ℓ2 ]
1− ℓ
2
P0
[
ℓ
2
]
1 + ℓ2 (
P0
[
ℓ
2
]
1− ℓ
2
P0
[
ℓ
2
] ⊗ I+ I⊗ P0[ ℓ2]
1− ℓ
2
P0
[
ℓ
2
] ) .
(22)
At this point given two particles with momenta q and k respectively in P [ℓ] and applying backwards the chain in
Eq. (21), we obtain the transformation
(qi, ki) 7→
( qi
1− ℓ2q0
,
ki
1− ℓ2k0
)
which has to be replaced in the coproduct of Eq. (22). In order to do so we first notice that if
xi 7→
xi
1− ℓ2x0
8then
xi
1− ℓ2x0
7→
xi
1− ℓ
2
x0
1− ℓ2
x0
1− ℓ
2
x0
=
xi
1− ℓx0
,
Thus, substituting
(
qi
1− ℓ
2
q0
, ki
1− ℓ
2
k0
)
in the coproduct of Eq. (22) we have
qi
1−ℓq0
+ ki1−ℓk0
1 + ℓ2
(
q0
1−ℓq0
+ k01−ℓk0
) = qi + ki − ℓq0ki − ℓqik0
1− ℓ2 (q0 + k0)
,
which is exactly the Magueijo-Smolin composition rule of Eq. (19).
The map w
[
ℓ
2 , ℓ
]
: P
[
ℓ
2
]
→ P [ℓ] is indeed like a rescaling map between two κ-Poincare´ algebra with two distinct
deformation scales ℓ and ℓ2 , i.e.,
Pi
[
ℓ
2
]
1− ℓ2P0
[
ℓ
2
] 7→
Pi[ℓ]
1− ℓ
2
P0[ℓ]
1− ℓ2
P0[ℓ]
1− ℓ
2
P0[ℓ]
=
Pi[ℓ]
1− ℓP0[ℓ]
.
The equivalance between the chains in Eq. (18) and (21) can also be interpreted as the equivalence between maps
∆ ◦ u−1[ℓ] = (u−1[ℓ]⊗ u−1[ℓ]) ◦∆[ℓ],
which shows the compatibility between the coproducts of P and P [ℓ] algebras, and more generally between the
coproducts of P [ℓ′] and P [ℓ] algebras.
V. MIXING COPRODUCTS BETWEEN POINCARE´ AND κ-POINCARE´ ALGEBRAS
So far we focused on coproducts mixing pairs of algebras that were isomorphic to one another (or two bases of the
same algebra). In this section we show that one can consistently introduce mixing coproducts also for non-isomorphic
algebras, focusing on the case of mixing the standard Poincare´ (Lie) algebra and the κ-Poincare´ Hopf algebra. It
should be noticed that this is rather challenging even though the Poincare´ (Lie) algebra is obtained from the κ-
Poincare´ Hopf algebra in the limit in which the deformation parameter is removed. In fact, the mixing coproducts we
analyzed in Section III all involve maps which are not analytic as the deformation parameters are removed (ℓ → 0).
In this section we shall truly need a new type of mixing coproduct. For definiteness and simplicity we focus on the
case of a 1+1-dimensional spacetime.
We start by introducing notation for the most general composition law2
p⊞ k =
{
ǫ(p0, p1, k0, k1)p0 + ζ(p0, p1, k0, k1)k0
f(p0, p1, k0, k1)p1 + g(p0, p1, k0, k1)k1
, (23)
where p is the momentum of a κ-Poincare´ particle and k is the momentum of a Poincare´ particle3, and we require
that under a suitable boost generator N[p,k]
p⊞ k = 0⇒ [N[p,k], p⊞ k] = 0. (24)
This requirement guarantees the covariance of the composition rule in (23). In (23) ǫ, ζ, f and g are general
functions of the momenta p, k, which for ℓ→ 0 have to be equal to 1. We shall consistently denote by p momenta of
the κ-Poincare´ type and by k momenta of the Poincare´ type.
2 Here and in the rest of this paper, if not otherwise specified, we denote with ⊞ the mixing coproducts obtained following this procedure.
3 By stating that p is the momentum of a κ-Poincare´ particle we mean that if p′ is another particle momentum of the same type, then
p⊕ p′ =
{
p0 + p′0,
p1 + e−ℓp0p′1
,
whereas of course if k and k′ are two Poincare´ particle momenta then obviously
k + k′ =
{
k0 + k′0,
k1 + k′1
.
9Firstly, let us focus on two “complementary” proposals which are respectively
p⊞ k =
{
ε(p0, p1)p0 + k0
f(p0, p1)p1 + k1
(25)
and
p⊞ k =
{
p0 + ε˜(k0, k1)k0
p1 + f˜(k0, k1)k1
, (26)
where the boost must be of the form N[p,k] = h(p0, p1)N[p]+N[k] for the former case, and N[p,k] = N[p]+ h˜(k0, k1)N[k]
for the latter.
As we explicitly show in Appendix B, given the compatibility condition (24) all the solutions of these systems, i.e.
(25) and (26), are of the type
p⊞ k =


εp0 + k0√
ε2p20 −
4
ℓ2 sinh
2
(
ℓ
2p0
)
+ eℓp0p21
p1
|p1|
+ k1
(27)
and
p⊞ k =


p0 + ε˜k0
p1 + e
ℓ
2
ε˜k0
√
4
ℓ2 sinh
2
(
ℓ
2 ε˜k0
)
− k20 + k
2
1
k1
|k1|
(28)
respectively. Thus, we would be left with just one undetermined function: ε for the first system, and ε˜ for the second.
However, it is rather easy to understand that not all the choices for ε and ε˜ can be acceptable. Indeed, if we take
a look at Eqs. (27) and (28), then it follows that we must have 4
εp20 ≥
4
ℓ2
sinh2
( ℓ
2
p0
)
→ ε ≥
2
ℓp0
sinh
( ℓ
2
p0
)
, (29)
for the first case, and
4
ℓ2
sinh2
( ℓ
2
ε˜k0
)
≥ k20 → ε˜ ≥
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
(30)
in the second situation. Essentially, this is a direct consequence of the functional form of the expressions. Moreover,
it is natural to require that ε and ε˜ have to be both surjective and injective for any value of, respectively, p1 and
k1. They must also go to 1 for ℓ going to zero and, finally, need to have the same sign of the energy (p0 or k0) in
order to guarantee that the above introduced mixing coproducts actually represent a good and consistent choice for
composing the momenta (the energies) of two particles.
Given that, we can now deduce several facts about the mixing coproducts we are trying to construct. For instance,
if we concentrate on Eq. (27) and consider the case in which ε depends only on p0 and enjoys the aforementioned
properties, then ϕ(p0) = εp0 will have an inverse ϕ˜(k0) with the same characteristics. We can then choose ε˜ =
ϕ˜
k0
in Eq. (28). Notice that, with these choices, when we impose momentum conservation in a scattering process (i.e.
p⊞ (−k) = 0), both composition laws give the same relations between p and k. From the former we find
p⊞ (−k) = 0 →


k0 = ϕ(p0)
k1 =
√
ϕ2(p0)−
4
ℓ2 sinh
2
(
ℓ
2p0
)
+ eℓp0p21
p1
|p1|
(31)
and
p⊞ (−k) = 0 →


ϕ˜(k0) = p0
k1 =
√
k20 −
4
ℓ2 sinh
2
(
ℓ
2 ϕ˜(k0)
)
+ p21e
ℓϕ˜(k0) p1
|p1|
(32)
4 Notice that these two disequalities can be obtained by imposing zero spatial momentum either for the particle p or for the particle k
respectively.
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from the latter. The fact that we obtained two identical systems suggests that, as we shall show later, these two
composition laws can be regarded one as the inverse of the other. This is a remarkable feature since for the consistency
of this composition laws we must always have
ϕ ≡ εp0 ≥
2
ℓ
sinh
( ℓ
2
p0
)
,
ϕ˜ ≡ ε˜k0 ≥
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
.
From the former of the above disequalities we find
ϕ−1ϕ(p0) = ϕ˜ϕ(p0) = p0 ≥ ϕ˜
[2
ℓ
sinh
( ℓ
2
p0
)]
, (33)
or equivalently
ϕ˜(k0) ≤
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
, (34)
where we have introduced the notation k0 =
2
ℓ sinh
(
ℓ
2p0
)
. Due to the properties we imposed on the functions, the
same relation must hold also when we exchange the two sides and thus
ϕ˜(k0) =
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
(35)
and also
ϕ(p0) =
2
ℓ
sinh
( ℓ
2
p0
)
. (36)
With this procedure we thus conclude that there is only one possible pair of mixing coproducts that deforms the
momenta and verifies a sort of inverse relation. This is given by
p⊞P k =
{
2
ℓ sinh
(
ℓ
2p0
)
+ k0
e
ℓ
2
p0p1 + k1
(37)
and
p⊞ k =


p0 +
2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
p1 +
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
k1
. (38)
Let us now consider a particle of mass m with momentum p whose symmetries are described by the κ-Poincare´
algebra. If we define
E =
2
ℓ
sinh
( ℓ
2
p0
)
, Π = e
ℓ
2
p0p1 (39)
then
E2 −Π2 =
4
ℓ2
sinh2
( ℓ
2
p0
)
− eℓp0p21 = m
2. (40)
This tells us that the map (p0, p1) → (E,Π) “transforms” the particle p into a particle with standard Poincare´
symmetries5. Given that, it is possible to regard the mixing coproduct of Eq. (37) as a trivial sum of momenta once
we deform the momentum coordinates (p0, p1), just as we saw already in the previous sections. On the other hand, we
can not give a similar interpretation for the composition law in Eq.(38). In other words, we would like to have a sort
5 Notice that this is true also for the mixing coproducts of Eq. (27).
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of complementary map that transforms the momentum of a particle with Poincare´ symmetries into the momentum
associated to the κ-Poincare´ algebra. This is not possible since if k is a Poincare´ particle with mass m and we define
E˜ =
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
, Π˜ =
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
k1 (41)
then
4
ℓ2
sinh2
( ℓ
2
E˜
)
− eℓE˜Π˜2 6= m2,
and the spatial part of the coproduct (38) is not of the form p1 + e
−ℓp0Π˜, regardless of the choice of Π˜. However,
we can show that a suitable modification of Eq. (38) actually allows to overcome these obstructions and to have a
composition law that admits an interpretation analogous to Eq. (37). To this end, let us consider a general mixing
coproduct of the form
p⊞ k =
{
ε(p0, k0)p0 + k0
f(p0, k0)p1 + k1
, (42)
with N[p,k] = hN[p] +N[k]. Then we have
[N[p,k], εp0 + k0] = h
( ∂ε
∂p0
p1p0 + εp1
)
+
∂ε
∂k0
k1p0 + k1 (43)
and
[N[p,k], fp1 + k1] = h
[ ∂f
∂p0
p21 + f
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
+
∂f
∂k0
k1p1 + k0. (44)
Consequently ε and f must satisfy the following system of differential equations

h
(
∂ε
∂p0
p1p0 + εp1
)
− fp1
(
∂ε
∂k0
p0 + 1
)
= 0
h
[
∂f
∂p0
p21 + f
(
1−e−2ℓp0
2ℓ −
ℓ
2p
2
1
)]
− f ∂f∂k0 p
2
1 − εp0 = 0
εp0 + k0 = 0
. (45)
We redirect the reader to the Appendix A for the detailed analysis of this system. The solution is given by any pair
of function (f, ε) that reduces to Eqs. (37) when εp0 + k0 = 0, provided that, as always, they also have the correct
behavior for ℓ → 0 and do not present any sort of singularity. Notice that the fact that ε = 2ℓp0 sinh
(
ℓ
2p0
)
when
εp0 + k0 = 0 allows us to rewrite the constraints as
2
ℓ
sinh
( ℓ
2
p0
)
+ k0 = 0, (46)
or also
p0 +
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
= 0. (47)
Thus, when the constraint is satisfied, we have
ε =
2
ℓp0
sinh
( ℓ
2
p0
)
=
k0
2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
) (48)
and
f = e
ℓ
2
p0 = e
− ln
(
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
)
=
1
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
. (49)
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Finally, defining ε˜ = 1/ǫ, f˜ = 1/f , we can rewrite the system of Eq. (42) as
p⊞ k =
{
ε(p0, k0)(p0 + ε˜(p0, k0)k0)
f(p0, k0)(p1 + f˜(p0, k0)k1)
, (50)
where now ε˜ and f˜ reduce to (38) on the constraint surface.
It is rather easy to prove that, given a general mixing coproduct of the form
p⊞ k =
{
ζ˜(p0 + ε˜k0)
g˜(p1 + f˜k1)
(51)
or also
p⊞ k =
{
ζ(εp0 + k0)
g(fp1 + k1)
, (52)
then the solutions ε˜, f˜ , ε and f do not depend on the common factors ζ˜, g˜, ζ and g, respectively. In fact, considering
for instance the former case and acting with a boost N[p,k] = i˜(N[p] + h˜N[k]), we find that N[p,k] ⊲ (p ⊞ k)0 has the
following form
[˜i(N[p] + h˜N[k]) ⊲ ζ˜](p0 + ε˜k0) + ζ˜ i˜(N[p] + h˜N[k]) ⊲ (p0 + ε˜k0). (53)
If, as usual we ask that N[p,k] ⊲ p⊞ k = 0 when p⊞ k = 0, then p0 + ε˜k0 = 0 in the above equation, and as a result
it is easy to realize that both ζ˜ and i˜ do not play any role in the identification of ε˜ (or h˜). Given that, we can ignore
the functions ε(p0, k0) and f in Eq. (50), which we can then rewrite as
p⊞ k =
{
p0 + ε˜(p0, k0)k0
p1 + f˜(p0, k0)k1
(54)
with ε˜ = 2ℓk0 ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
and f˜ = ℓ2k0 +
√
ℓ2
4 k
2
0 + 1, on the constraint solutions. This allows us to modify
the mixing coproduct in Eq. (38) in the way we needed. Indeed, keeping ε˜ unmodified with respect to the case in Eq.
(38) while changing f˜ as
f˜ = e−ℓ(p0+ε˜k0)
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
=
e−ℓp0
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
(55)
we eventually obtain the mixing coproduct
p⊞κP k =


p0 +
2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
p1 + e
−ℓp0 k1
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
. (56)
If we assume that k is a particle with mass m and define
E˜ =
2
ℓ
ln
( ℓ
2
k0 +
√
ℓ2
4
k20 + 1
)
, f˜ =
k1
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
(57)
we actually find that
4
ℓ2
sinh2
( ℓ
2
E˜
)
− eℓE˜Π˜2 = m2 : (58)
i.e. the particle k has been ”deformed” into a κ-Poincare´ particle. It is worth noting that Eq. (56) can be interpreted
as a non-commutative law in the sense that we can hypothesize that by exchanging p with k one would have to write
down
k ⊞κP p =


2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
+ p0
k1
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
+ p1(
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
)
2
, (59)
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where the last term in the spatial part of the composition law can be rewritten simply as e−ℓε˜k0pi. Notice that we
only multiplied the spatial part of the mixing coproduct (38) by the function e−ℓε˜k0 , which as aforementioned does
not alter the covariance of the composition law.
In summary, the composition laws in Eqs. (37) , (56) (or also (59)) define a Poincare´-like sum and a κ-Poincare´,
respectively, with total momenta associated to the Poincare´ or the κ-Poincare´ algebra respectively.
Without the need to provide all the details of the proof (which follows the line of reasoning used to derive Eq.
(42)), we can generalize the above discussions to the cases
p⊞ k =
{
ε(p0, p1, k0, k1)p0 + k0
f(p0, p1, k0, k1)p1 + k1
(60)
and
p⊞ k =
{
p0 + ε˜(k0, k1, p0, p1)k0
p1 + f˜(k0, k1, p0, p1)k1
, (61)
where, on the constraint solutions, the above functions must coincide with either (27) or (28). By doing so, for any ε˜
we also have the non-commutative law
p⊞κP k =


p0 + ε˜k0
p1 + e
−ℓp0e−
ℓ
2
ε˜k0
√
4
ℓ2 sinh
2
(
ℓ
2 ε˜k0
)
− k20 + k
2
1
k1
|k1|
,
k ⊞κP p =


ε˜k0 + p0
e−
ℓ
2
ε˜k0
√
4
ℓ2 sinh
2
(
ℓ
2 ε˜k0
)
− k20 + k
2
1
k1
|k1|
+ e−ℓε˜k0p1
.
This concludes the classification of all the mixing coproducts involving the Poincare´ and the κ-Poincare´ algebras,
which are of the form
p⊞ k =
{
εp0 + ε˜k0
fp1 + f˜k1
. (62)
VI. SUMMARY AND OUTLOOK
The main goal of this work was to provide illustrative examples of consistent scenarios with non-universal deforma-
tion of relativistic symmetries. Clearly the key challenge for such scenarios concerns the introduction of suitable mixing
products, of which we provided several examples. Our results preliminarily suggest that scenarios with non-universal
deformation of relativistic symmetries could in principle be realized in Nature and deserve dedicated experimental
testing, such as the mentioned studies looking for effects in the neutrino sector at a level of magnitude which is already
excluded for photons. While we feel that such tests should not be postponed, there are clearly still several tasks to
be faced before fully establishing the consistency of these scenarios. For example, it would be interesting to establish
whether they are compatible with the setup of (possibly deformed) quantum field theories, though one should perhaps
view this as a long-term goal, since even the understanding of quantum field theories with universal deformation of
relativistic symmetries has still not reached full maturity.
Our mixing coproducts are in principle directly applicable to interactions between composite and fundamental
particles (when governed by different relativistic properties). However, in some cases it should be possible to apply
a constructive approach for such mixing coproducts: ideally there might be cases in which one only needs to postu-
late some universally-deformed relativistic properties for fundamental particles, then deriving the implied (different)
relativistic properties of various types of composite particles, and in such cases also the mixing coproducts could be
derived, rather then requiring a dedicated postulate. We feel that performing such derivations, even just in some
particularly simple toy model, would be an important contributions to the further development of the investigations
we here reported.
For what concerns the broader picture of phenomenology it will be interesting to identify some characteristic
observable differences between the new scenarios of non-universal deformations of relativistic symmetries, on which
we here focused, and the scenarios in which relativistic symmetries are broken in particle-dependent manner, which
have already been studied for several years[13, 14].
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Appendix A: Explicit derivation of mixing composition laws: solving the relevant differential equations
In this Section we explain in some detail the procedure to obtain the deformation functions that appear in the
composition laws for the mixing coproducts with trivial sum rule for energies, i.e. the deformation is present only in
the spatial momentum sector. In doing so, we also show the general technique to solve all the differential equations
contained in the main text.
The first set of equations we want to examine is given in Eq. (25). The operator for total infinitesimal boosts
N[p,k] = hN[p] +N[k] acts on the total energy as
[N[p,k], εp0 + k0] = h
{[ ∂ε
∂p0
p1 +
∂ε
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
p0 + εp1
}
+ k1, (A1)
thus defining the function ϕ = εp0 the first differential equation is
h
[ ∂ϕ
∂p0
p1 +
∂ϕ
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
= fp1, (A2)
whose solution for h is
h =
fp1
∂ϕ
∂p0
p1 +
∂ϕ
∂p1
(
1−e−2ℓp0
2ℓ −
ℓ
2p
2
1
) . (A3)
At the same time we can compute the action of N[p,k] on the total spatial momentum i.e.
[N[p,k], fp1 + k1] = h
{[ ∂f
∂p0
p1 +
∂f
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
p1 + f
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)}
+ k0, (A4)
that furnishes us a second equation6
h
[ ∂ψ
∂p0
p1 +
∂ψ
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
− ϕ = 0, (A5)
with ψ = fp1. Now we can substitute h from Eq. (A3) and find
[
∂ψ
∂p0
p1 +
∂ψ
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
−ϕ
[ ∂ϕ
∂p0
p1 +
∂ϕ
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)]
=0. (A6)
In order to simplify this equation we can define the function θ = ψ2 − ϕ2, which satisfies the differential equation
∂θ
∂p0
+
1
p1
∂θ
∂p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)
= 0. (A7)
The solution can be found by means of a pair of auxiliary variables (η, ξ). For η we choose
6 It is worth mentioning that, in this case, these two equations are not sufficient to find uniquely the three unknown functions ε, f ed h.
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η = eℓp0p21 −
4
ℓ2
sinh2
( ℓ
2
p0
)
(A8)
while ξ must be a function of p0 and p1 such that it obeys
∂
∂ξ
θ(η, ξ) =
∂θ
∂p0
∂p0
∂ξ
+
∂θ
∂p1
∂p1
∂ξ
=
∂θ
∂p0
+
∂θ
∂p1
1
p1
(1− e−2ℓp0
2ℓ
−
ℓ
2
p21
)
. (A9)
On the light of this one can easily find that ξ = p0 is a good choice and that Eq. (A7) can be rewritten as follows
∂θ
∂ξ
= 0→ θ = C(η) = C
(
eℓp0p21 −
4
ℓ2
sinh2
( ℓ
2
p0
))
. (A10)
Then, for instance, if we ask f to be a function of ε we have
f =
ψ
p1
=
1
|p1|
√
ϕ2 + θ2 =
1
|p1|
√
ε2p20 + C
(
eℓp0p21 −
4
ℓ2
sinh2
( ℓ
2
p0
))
. (A11)
At this point we can use the fact that both functions ε and f must tend to 1 when l → 0. This implies that
C
(
eℓp0p21 −
4
ℓ2
sinh2
( ℓ
2
p0
))
= eℓp0p21 −
4
ℓ2
sinh2
( ℓ
2
p0
)
. (A12)
As a result, the final composition law is given by Eq. (27).
The complementary case given by Eq. (28) can be dealt with in an analogous fashion, therefore we will not derive
it explicitly here.
Instead we want to focus on the last system of equations in Eq. (45).
From the first equation we deduce that h = f(∂ϕ/∂k0 + 1)/(∂ϕ/∂p0) and ϕ = εp0. Collecting all the terms
proportional to p21 in the second equation we can rewrite the set as
{
h
(
∂f
∂p0
− ℓ2f
)
= f ∂f∂k0
hf2 1−e
−2ℓp0
2ℓ = ϕ
, (A13)
where we remind the reader that these equations must be satisfied under the validity of the constraint. Then, by
substituting h we have
∂f
∂p0
−
∂ϕ
∂p0
∂ϕ
∂k0
+ 1
∂f
∂k0
=
ℓ
2
f. (A14)
Analogously to what we did to solve Eq. (42) we define the new variables η = (ϕ + k0)/2, ξ = p0 − (ϕ + k0)/2,
such that p0 = ξ + η/2 and thus ∂p0/∂ξ = 1. Deriving the equation for η with respect to ξ, we obtain
0 =
1
2
(∂ϕ
∂ξ
+
∂k0
∂ξ
)
=
1
2
( ∂ϕ
∂p0
∂p0
∂ξ
+
∂ϕ
∂k0
∂k0
∂ξ
+
∂k0
∂ξ
)
=
1
2
[ ∂ϕ
∂p0
+
∂k0
∂ξ
( ∂ϕ
∂k0
+ 1
)]
,
that implies
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∂f(ξ, η)
∂ξ
=
∂f
∂p0
∂p0
∂ξ
+
∂f
∂k0
∂k0
∂ξ
=
∂f
∂p0
−
∂ϕ
∂p0
∂ϕ
∂k0
+ 1
∂f
∂k0
, (A15)
and, thus, along the constraint ϕ + k0 = 0, the equation ∂f/∂ξ = ℓf/2. Its solution is f = e
ℓξ/2 = eℓp0/2, i.e. the
same we had for the analogous function in the system (37). At this point we can plug this solution in the second
equation of Eq. (A13), thereby finding
∂ϕ
∂p0
∂ϕ
∂k0
+ 1
ϕ =
1
ℓ
sinh(ℓp0).
In terms of the variables η and ξ we introduced above, this equation reads
ϕ
∂ϕ
∂ξ
=
1
ℓ
sinh(ℓξ), (A16)
which, given the usual limits for ℓ → 0, has solution ϕ = 2 sinh(ℓξ/2)/ℓ. In conclusion any pair of functions (f, ε)
that reduce to (37) when εp0 + k0 = 0 provides a solution of this set of equations.
Appendix B: Algebraic properties
In this Section we analyze further some algebraic properties of the maps which have been introduced in the main
text. In particular, we focus on the compatibility of the maps with both the algebra and coalgebra sectors. The
relation with antipodes is also briefly discussed. Finally, we show how these maps can be used in order to naturally
deduce the mixing coproducts. Again we concentrate on two specific examples which are particularly relevant for our
intents, i.e. the maps relating the Poincare´ with the κ-Poincare´ algebra and vice-versa. The latter will be explicitly
formulated in the bicrossproduct basis throughout this section. Moreover, in order to lighten the calculations but
without any loss of generality, we will work in 1 + 1 dimensions. Let us also remind that we call (K0,K1, N[K]) the
generators of the Poincare´ algebra and (P0, P1, N[P ]) those of the κ-Poincare´ algebra.
1. Poincare´ to κ-Poincare´ maps
We take into account the map, φ : P → κP , whose explicit action on the generators of the Poincare´ algebra is given
by
φ(K0) =
2
ℓ
sinh
( ℓ
2
P0
)
, φ(K1) = e
ℓ
2
P0P1, φ(N[K]) =
e
ℓ
2
P0
cosh
(
ℓ
2P0
)N[P ]. (B1)
Let us start by discussing the compatibility of φ with the algebra and the antipodes and then we turn to coproducts.
It is not difficult to verify that φ is compatible with both the commutators and the antipodes of P . Indeed, for what
regards the commutation relations of P , we have
φ([K0,K1]) = φ(0) = 0 = [φ(K0), φ(K1)], (B2)
and also that
φ([N[K],K0]) = φ(K1) = e
ℓ
2
P0P1 (B3)
and
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[φ(N[P ]), φ(K0)] =
[
e
ℓ
2
P0
cosh
(
ℓ
2P0
)N[P ], 2
ℓ
sinh
( ℓ
2
P0
)]
=
e
ℓ
2
P0
cosh
(
ℓ
2P0
)( d
dP0
2
ℓ
sinh
( ℓ
2
P0
))
P1 = e
ℓ
2
P0P1. (B4)
The same property also holds for the last commutator. In fact, it is easy to check that
φ([N[K],K1]) = φ(K0) =
2
ℓ
sinh
( ℓ
2
P0
)
(B5)
and also
[φ(N[P ]), φ(K1)] =
[
e
ℓ
2
P0
cosh
(
ℓ
2P0
)N[P ], e ℓ2P0P1
]
=
e
ℓ
2
P0
cosh
(
ℓ
2P0
)[
✟✟
✟✟ℓ
2
e
ℓ
2
P0P 21 + e
ℓ
2
P0
(1− e−2ℓP0
2ℓ
−
 
 ℓ
2
P 21
)]
=
eℓP0
cosh
(
ℓ
2P0
) 1− e−2ℓP0
2ℓ
=
2
ℓ
1
2 sinh(ℓP0)
cosh
(
ℓ
2P0
) = 2
ℓ
sinh
( ℓ
2
P0
)
.
(B6)
As already anticipated, φ also respects the antipodal relations i.e.
φ(S(K0)) = φ(−K0) = −
2
ℓ
sinh
( ℓ
2
P0
)
= Sκφ(K0), (B7)
φ(S(K1)) = φ(−K1) = −e
ℓ
2
P0P1 = e
− ℓ
2
P0(−eℓP0P1) = Sκφ(K1), (B8)
φ(S(N[K])) = φ(−N[K]) = −
e
ℓ
2
P0
cosh
(
ℓ
2P0
)N[P ] = e− ℓ2P0
cosh
(
ℓ
2P0
) (−eℓP0N[P ]) = Sκφ(N[K]), (B9)
where S and Sκ stand for the antipodes of the P and κP algebras respectively.
Let us now look into what happens to the coalgebraic sector. As we can expect and have in fact highlighted in the
main text, the map is not compatible with the coproducts. For instance, we find that
φ⊗ φ(∆K0) = φ⊗ φ(K0 ⊗ 1+ 1⊗K0) =
2
ℓ
sinh
( ℓ
2
P0
)
⊗ 1+ 1⊗
2
ℓ
sinh
( ℓ
2
P0
)
, (B10)
while a different outcome is obtained with
∆(φ(K0) =
2
ℓ
(e ℓ2P0 ⊗ e ℓ2P0 − e− ℓ2P0 ⊗ e− ℓ2P0
2
)
=
2
ℓ
sinh
( ℓ
2
P0
)
⊗ e
ℓ
2
P0 + e−
ℓ
2
P0 ⊗
2
ℓ
sinh
( ℓ
2
P0
)
, (B11)
where we have used the formula ∆(eaP0) = eaP0⊗eaP0 and performed some standard algebra manipulations. Despite
there is no compatibility with the coproducts, it is interesting to notice that the following relation is realized
∆(φ(K1)) = ∆(e
ℓ
2
P0P1) = (e
ℓ
2
P0 ⊗ e
ℓ
2
P0)(P1 ⊗ 1+ e
−lP0 ⊗ P1) = e
ℓ
2
P0P1 ⊗ e
ℓ
2
P0 + e−
ℓ
2
P0 ⊗ e
ℓ
2
P0P1, (B12)
and thus
∆(φ(Kµ)) = φ(Kµ)⊗ e
ℓ
2
P0 + e−
ℓ
2
P0 ⊗ φ(Kµ), µ = 0, 1. (B13)
Finally, let us show how this map can be used to construct particle-dependent relativistic models. Specifically, φ is
related to the mixing coproduct in Eq. (37). In fact, we can consider the composition, P
∆
−→ P ⊗ P
φ⊗1
−−−→ κP ⊗ P ,
that provides us with the mixing composition laws (or coproducts)
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p⊞P k =
{
2
ℓ sinh
(
ℓ
2p0
)
+ k0
e
ℓ
2
p0p1 + k1
. (B14)
The main advantage of deriving the mixing coproducts in this way is that, by doing so, we can immediately identify
whether the total momentum (resulted from the composition of a particle in Poincare´ with another particle in κ-
Poincare´ ) is a charge associated to P or to κP . However, it is worth mentioning that there are some subtleties of
these composition rules which derive from the non-compatibility of φ with the coproducts. In fact, this implies that
for instance the two following ways of composing momenta, i.e.
P
∆
−→ P ⊗ P
φ⊗1
−−−→ κP ⊗ P
∆⊗1
−−−→ κP ⊗ κP ⊗ P (B15)
and
P
∆
−→ P ⊗ P
∆⊗1
−−−→ P ⊗ P ⊗ P
φ⊗φ⊗1
−−−−−→ κP ⊗ κP ⊗ P (B16)
are different. As a result, if p′ ∈ κP and, thus,
(p⊕ℓ p
′)⊞P k 6= p⊞P (p
′
⊞P k) :
then this mixing coproduct is not associative with respect to the sum of κ-Poincare´7. In fact, we find explicitly
(p⊕ℓ p
′)⊞P k =
{
2
ℓ sinh
(
ℓ
2 (p0 + p
′
0)
)
+ k0
e
ℓ
2
(p0+p
′
0
)(p1 + e
−ℓp0p′1) + k1
, (B17)
that does not coincide with
p⊞P (p
′
⊞P k) =
{
2
ℓ sinh
(
ℓ
2p0
)
+ 2ℓ sinh
(
ℓ
2p
′
0
)
+ k0
e
ℓ
2
p0p1 + e
ℓ
2
p′
0p′1 + k1
. (B18)
On the other hand, it is evident that the associative property is still present if we consider the sum in Poincare´, i.e.
(p⊞P k) + k
′ = p⊞P (k + k
′), (B19)
where, according to our notation, k′ denotes the momentum of a particle obeying standard Poincare´ symmetries.
The opposite will happen for the mixing composition laws obtained from the inverse map, which we discuss below.
2. κ-Poincare´ to Poincare´ maps
Now we wish to examine the properties of the inverse map φ˜ : κP → P , which is defined as
φ˜(P0) =
2
ℓ
ln
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)
, φ˜(P1) =
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
, φ˜(N[P ]) =
√
ℓ2
4 K
2
0 + 1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
N[K] (B20)
and, thanks to linearity, can be extended to the whole κP . First of all, let us verify that φ˜ is actually the inverse
of φ. This follows from the following formulas:
7 The reader can make a comparison with what we had for Eq. (11).
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φ ◦ φ˜(P0) =
2
ℓ
ln
[
sinh
( ℓ
2
P0
)
+
√
sinh2
( ℓ
2
P0
)
+ 1
]
= P0 (B21)
and also
φ ◦ φ˜(P1) =
e
ℓ
2
P0P1
sinh
(
ℓ
2P0
)
+
√
sinh2
(
ℓ
2P0
)
+ 1
=
e
ℓ
2
P0P1
sinh
(
ℓ
2P0
)
+ cosh
(
ℓ
2P0
) = P1, (B22)
while
φ ◦ φ˜(N[P ]) =
√
sinh2
(
ℓ
2P0
)
+ 1
sinh
(
ℓ
2P0
)
+
√
sinh2
(
ℓ
2P0
)
+ 1
e
ℓ
2
P0
cosh
(
ℓ
2P0
)N[K] = N[P ]. (B23)
To conclude the demonstration that φ˜ = φ−1 we have also that
φ˜ ◦ φ(K0) =
2
ℓ
sinh
[
ln
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)]
= K0,
φ˜ ◦ φ(K1) = e
ln
(
ℓ
2
K0+
√
ℓ2
4
K2
0
+1
)
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
= K1,
φ˜ ◦ φ(N[K]) =
√
ℓ2
4 K
2
0 + 1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
e
ln
(
ℓ
2
K0+
√
ℓ2
4
K2
0
+1
)
cosh
[
ln
(
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
)]N[P ] = N[K].
Analogously to what we did in the previous subsection, let us start looking at the behavior of the κ-Poincare´ algebra
under this map. Again we find that both commutators and antipodes are compatible with the map. Indeed, we have
φ˜([P0, P1]) = φ˜(0) = 0 = [φ˜(P0), φ˜(P1)] (B24)
and also
φ˜([N[P ], P0]) = φ˜(P1) =
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
, (B25)
and the same result follows from
[φ˜(N[P ]), φ˜(P0)] =
[ √ ℓ2
4 K
2
0 + 1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
N[K],
2
ℓ
ln
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)]
=
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
. (B26)
To complete the proof of the compatibility with the algebra, it remains to be checked the commutator φ˜([N[P ], P1]).
It is still straightforward but more involved to obtain that
φ˜([N[P ], P1]) = φ˜
(1− e−2lP0
2ℓ
−
ℓ
2
P 21
)
= K0
√
ℓ2
4 K
2
0 + 1(
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
)2 − ℓ2
(
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
)2
, (B27)
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and again
[φ˜(N[P ]), φ˜(P1)] = K0
√
ℓ2
4 K
2
0 + 1(
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
)2 − ℓ2
(
K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
)2
. (B28)
These three relations ensure the compatibility of the map with the κ-Poincare´ algebra.
Now we can turn to the compatibility with the antipodes. It is rather easy to show that φ˜ is compatible with the
antipodes. Following the procedure above, the reader can check that that
φ˜(Sκ(P0)) = φ˜(−P0) = −
2
ℓ
ln
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)
= S(φ˜(P0)), (B29)
φ˜(Sκ(P1)) = φ˜(−e
ℓP0P1) = −
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)2 K1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
= S(φ˜(P1)) (B30)
and finally
φ˜(Sκ(N[P ])) = φ˜(−e
ℓP0N[P ]) = −
(
− ℓ2K0 +
√
ℓ2
4 K
2
0 + 1
)√
ℓ2
4 K
2
0 + 1(
− ℓ2K0 +
√
ℓ2
4 K
2
0 + 1
)2 N[K] = S(φ˜(N[P ])). (B31)
In the light of the above discussion, again we do not expect to have compatibility with the coalgebra. For the sake
of brevity, we do not explicitly show that φ˜ is not compatible with the coproducts. However, let us just mention that
a shortcut is provided by realizing that the non-compatibility is a direct consequence of the fact that
ln(x+ y +
√
(x+ y)2 + 1) 6= ln(x+
√
x2 + 1) + ln(y +
√
y2 + 1). (B32)
Just as we did in the previous subsection, for the purposes of this work it is finally interesting to see how the
composition laws for particles obeying different symmetry structures can be built from φ˜. It is noteworthy to say
that, being the coproduct of the κ-Poincare´ algebra non-commutative, we need to distinguish two possible cases, i.e.
κP
∆
−→ κP ⊗ κP
φ˜⊗1
−−−→ P ⊗ κP and κP
∆
−→ κP ⊗ κP
1⊗φ˜
−−−→ κP ⊗ P . These two chains of maps give rise to the mixing
coproducts (which we have already introduced)
p⊞κP k =


p0 +
2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
p1 + e
−lp0 k1
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
,
k ⊞κP p =


2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
+ p0
k1
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
+ 1(
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
)
2 p1
.
(B33)
As one may expect, now the behavior of these composition laws under associativity is inverted with respect to the
mixing coproducts obtained with φ. In fact, these composition laws enjoy associativity (from both left and right)
with respect to the sum of κ-Poincare´, i.e.
k ⊞κP (p⊕ℓ p
′) = (k ⊞κP p)⊕ℓ p
′, (B34)
(p′ ⊕ℓ p)⊞κP k = p
′ ⊕ℓ (p⊞κP k), (B35)
as the reader can straightforwardly verify. On the other hand, these ways of composing momenta are not associative
if we consider the usual sum in Poincare´. This is a direct consequence of the fact that we do not have compatibility
with the coproducts. In fact, it is easy to realize that
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p⊞κP (k + k
′) =


p0 +
2
ℓ ln
[
ℓ
2 (k0 + k
′
0) +
√
ℓ2
4 (k0 + k
′
0)
2 + 1
]
p1 + e
−lp0 k1+k
′
1
ℓ
2
(k0+k′0)+
√
ℓ2
4
(k0+k′0)
2+1
, (B36)
while a different result is obtained by the expression
(p⊞κP k)⊞P k
′=


p0+
2
ℓ ln
(
ℓ
2k0 +
√
ℓ2
4 k
2
0 + 1
)
+ 2ℓ ln
(
ℓ
2k
′
0 +
√
ℓ2
4 k
′2
0 + 1
)
p1+e
−lp0 k1
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
+ e
−lp0(
ℓ
2
k0+
√
ℓ2
4
k2
0
+1
)
2
k′
1
ℓ
2
k′
0
+
√
ℓ2
4
k′2
0
+1
. (B37)
Appendix C: (2+1)-dimensional case
Here we wish to understand if the results of this work, which have been explicitly carried out only in (1 + 1)
dimensions in the main text, can be extended to the (2+1) case. This would also represent an important preliminary
test-bed for the four-dimensional case of physical interest. Of course, the main difference (and potential source of
complexity) with respect to the (1 + 1) dimensional case is that now we also have to deal with the rotation generator
R[K] and R[P ]
8, respectively for the Poincare´ and the k-Poincare´ algebra 9.
We shall see here that imposing the covariance under rotational symmetry gives rather tight constraints on the
form of the deformation functions in the mixing coproducts.
Let us start introducing the linear map φ : P → κP given by
φ(K0) = ε(P0, P1, P2)P0,
φ(Ki) = fi(P0, P1, P2)Pi,
φ(N[K]i) = hi(P0, P1, P2)N[P ]i + σi(P0, P1, P2)R[P ],
φ(R[K]) = ω(P0, P1, P2)R[P ],
(C1)
where i = 1, 2. In order to find the unknown functions, we ask φ to be compatible with the commutation relations of
the symmetry algebras. This will allow us to fully determine and solve the problem, up to a single degree of freedom.
It is trivial to verify that
φ([Kµ,Kν]) = φ(0) = 0, µ, ν = 0, 1, 2
[φ(Kµ), φ(Kν)] = 0,
while instead the condition
[φ(R[K]), φ(K0)] = φ([R[K],K0]) = 0
gives us
ω[R[P ], εP0] = 0. (C2)
From Eq. (C2) we get the following differential equation
ω
( ∂ε
∂P1
P2 −
∂ε
∂P2
P1
)
P0 = 0,
8 Note that we only have one generator of rotations since there are two spatial directions.
9 As usually done in this paper we denote with (K0, K1, R[K], N[K]) the generators of the Poincare´ algebra and with (P0, P1, R[P ], N[P ])
those of the κ-Poincare´ algebra.
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which means that
ε = ε(P0, P ) (C3)
with P ≡ |~P |.
Analogously from imposing the equality between
φ([R[K],Ki]) = φ(ǫijKj) = ǫijfjPj , i, j = 1, 2
and
[φ(R[K]), φ(Ki)] = ω[R[P ], fiPi],
we get
ω
( ∂fi
∂P1
P2 −
∂fi
∂P2
P1
)
Pi + ǫij(ωfi − fj)Pj = 0. (C4)
From this last equation one can easily obtain the following conditions
ω = 1,
fi ≡ f = f(P0, P ).
(C5)
Acting in a similar way with the commutator [R[K], N[K]i ], we get
hi ≡ h = h(P0, P ) (C6)
and the system of differential equations
{
∂σ1
∂P1
P2 −
∂σ1
∂P2
P1 = σ2
∂σ2
∂P1
P2 −
∂σ2
∂P2
P1 = −σ1
. (C7)
It is convenient to express the system (C7) in polar coordinates
{
−∂σ1∂θ = σ2
∂σ2
∂θ = σ1
,
where P1 ≡ ρ cos θ and P2 ≡ ρ sin θ.
Thus the functions σi must obey the harmonic oscillator equation, i.e.,
−σ2 =
∂σ1
∂θ
= −A(ρ) sin θ +B(ρ) cos θ,
from which we get in cartesian coordinates
σ1 =
A(P )
P
P1 +
B(P )
P
P2,
σ2 = −
B(P )
P
P1 +
A(P )
P
P2.
At this point we are only left with imposing covariance under the action of the boosts, which, as usual, involves
setting the equality between
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φ([N[K]1 ,K0]) = φ(K1) = fP1,
and
[φ(N[K]1), φ(K0)] =
[
hN[P ]1 +
(A
P
P1 +
B
P
P2
)
R[P ], εP0
]
. (C8)
We first note that
[N[P ]i , ε] =
∂ε
∂P0
[N[P ]i , P0] +
∂ε
∂P
[N[P ]i , P ],
where
[N[P ]1 , P ] = [N[P ]1 ,
√
P 21 + P
2
2 ] =
P1
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)
and
[N[P ]2 , P ] =
P2
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)
.
It is trivial to see that the rotational generator gives a null contribution to Eq. (C8), thus we get
h
{[ ∂ε
∂P0
Pi +
∂ε
∂P
Pi
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)]
P0 + εPi
}
= fPi. (C9)
Defining as usual ϕ ≡ εP0 we get
h =
f
∂ϕ
∂P0
+ 1P
(
1−e−2ℓP0
2ℓ −
ℓ
2P
2
)
∂ϕ
∂P
. (C10)
Now imposing the equality between
[φ(N[K]1), φ(K2)] =
[
hN[P ]1 +
(A
P
P1 +
B
P
P2
)
R[P ], fP2
]
and
φ([N[K]1 ,K2]) = 0,
we get the following differential equation
h
[ ∂f
∂P0
+
∂f
∂P
1
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)
− ℓf
]
P2 − f
(A
P
P1 +
B
P
P2
)
= 0.
Since f = f(P0, P ) we get A = 0 and
B =
h
f
[ ∂f
∂P0
+
∂f
∂P
1
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)
− ℓf
]
P. (C11)
Now imposing [φ(N[K]1), φ(K1)] be equal to
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φ([N[K]1 ,K1]) = φ(K0) = ϕ,
we get
h
{[ ∂f
∂P0
P1 +
∂f
∂P
P1
P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)]
P1 + f
(1− e−2lP0
2ℓ
+
ℓ
2
P 2 −
ℓ
2
P 21
)}
+ f
B
P
P 22 = ϕ. (C12)
Using Eq. (C11) we can rewrite Eq. (C12) as
h
{[ ∂f
∂P0
P +
∂f
∂P
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)]
P + f
(1− e−2ℓP0
2ℓ
−
ℓ
2
P 2
)}
= ϕ. (C13)
Given the form of the function h in Eq. (C10), Eq. (C13) is identical to Eq. (A5) up to the usual definition ψ = fP .
This means that the functions h and f are the same found in Sec. V, where one has to substitute P with |~P |, i.e.,
ε = ε(P0, P ),
f =
1
P
√
ε2P 20 −
4
ℓ2
sinh2
( ℓ
2
P0
)
+ eℓP0P 2,
h =
√
ε2P 20 −
4
ℓ2 sinh
2
(
ℓ
2P0
)
+ eℓP0P 2
P ∂ϕ∂P0 +
(
1−e−2ℓP0
2ℓ −
ℓ
2P
2
)
∂ϕ
∂P
.
(C14)
From Eq. (C14) and Eq. (C11) one can easily obtain
B =
ϕ− hf
(
1−e−2ℓP0
2ℓ −
ℓ
2P
2
)
Pf
. (C15)
Finally in the explicit case in which ε = 2ℓP0 sinh
(
ℓ
2P0
)
, we get that the map φ is given by
φ(K0) =
2
ℓ
sinh
( ℓ
2
P0
)
,
φ(Ki) = e
ℓ
2
P0Pi,
φ(R[K]) = R[P ],
φ(N[K]i) =
e
ℓ
2
P0
cosh
(
ℓ
2P0
)(N[P ]i + ℓ2ǫijPjR[P ]).
(C16)
The inverse map
φ˜ : κP → P ,
whose derivation is left to the reader, is given by
φ˜(P0) =
2
ℓ
ln
( ℓ
2
K0 +
√
ℓ2
4
K20 + 1
)
,
φ˜(Pi) =
Ki
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
,
φ˜(R[P ]) = R[K],
φ˜(N[P ]i) =
√
ℓ2
4 K
2
0 + 1
ℓ
2K0 +
√
ℓ2
4 K
2
0 + 1
(
N[K]i −
ℓ
2
ǫij
Ki√
ℓ2
4 K
2
0 + 1
R[K]
)
.
(C17)
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